A new class of nonparametric nonconforming quadrilateral finite elements is introduced which has the midpoint continuity and the mean value continuity at the interfaces of elements simultaneously as the rectangular DSSY element [7] . The parametric DSSY element for general quadrilaterals requires five degrees of freedom to have an optimal order of convergence [3] , while the new nonparametric DSSY elements require only four degrees of freedom. The design of new elements is based on the decomposition of a bilinear transform into a simple bilinear map followed by a suitable affine map. Numerical results are presented to compare the new elements with the parametric DSSY element.
Introduction
There have been many progresses for nonconforming finite element methods for many mechanical problems for last decades. Nonconforming elements have been a favorite choice in solving the Stokes and Navier-Stokes equations [6, 4, 16, 19, 22] in a stable manner. Also, the nonconforming nature facilitates resolving numerical locking [2, 13, 24] in elasticity problems with the clamped boundary condition. For pure traction boundary value problems in elasticity, there have been a couple of approaches to avoid numerical locking by employing conforming and nonconforming elements componentwise [12, 14, 15] . Although there are several higher-order nonconforming elements, the lowest order nonconforming elements have been especially popular numerical methods because of its simplicity and stability property [6, 19, 22] . In particular, the linear simplicial nonconforming elements introduced by Crouzeix and Raviart [6] have been most widely used. Since the degrees of freedom for quadrilateral or rectangular elements are usually smaller than those for triangular elements, it is desirable to use quadrilateral or rectangular elements wherever they can be applied.
We briefly review some progresses for nonconforming rectangular or quadrilateral elements. Han introduced firstly a rectangular element which assumes five local degrees of freedom (DOFs) [8] in 1984. Then in 1992 Rannacher and Turek introduced the rotated Q 1 nonconforming elements with two types of degrees of freedom [19] : the four edge-midpoint value DOFs and the four edge integral DOFs. Chen [5] also used the first type of DOFs for the same rotated Q 1 element. Douglas, Santos, Sheen and Ye introduced a new nonconforming finite element, which we call the DSSY element in this paper, for which the two types of degrees of freedom are coincident on rectangular (or parallelogram) meshes [7] . One of the key features of this DSSY element is that it fulfills the mean value property on each edge. For a convergence analysis, the average continuity property over each edge implies the pass of "patch test", which is a sufficient condition for optimal convergence of nonconforming finite element methods [20, 21, 23] . Notice that using the edge-midpoint values is not only cheaper but also simpler than using edge-integral values in constructing the local and global basis functions. For instance, in gluing two neighboring elements across an edge, only one evaluation at the edge midpoint is necessary for the DSSY-type element while at least two Gauss-point evaluations are necessary for the elements using integral type DOFs. Therefore, nonconforming elements fulfilling the mean value property have advantages in implementation. The Crouzeix-Raviart P 1 -nonconforming elements [6] enjoy the mean value property.
Arnold, Boffi, and Falk provided a theory of convergence order in quadrilateral meshes [1] . A modified DSSY element was introduced in [3] , which requires an additional DOF in order to retain an optimal convergence order for genuinely quadrilateral meshes. It seems impossible to reduce the number of DOFs from five to four as long as one considers a parametric DSSY-type element on quadrilateral meshes and still wants to preserve optimal convergence.
The aim of this paper is to attempt to extend the spirit of rectangular DSSY element to genuinely quadrilateral meshes keeping the mean value property with four DOFs, shifting from the parametric realm to the nonparametric one. Our starting point is based on a clever decomposition of a bilinear map into a simple bilinear map followed by an affine map [11, 17, 18] . This approach induces an intermediate reference quadrilateral, where a four DOF DSSY-type element can be defined. Then the affine map will preserve P 1 and the mean value property on each edge. We remark that the quadrilateral element introduced in [17] is of only three DOFs, and a similar element was introduced by Hu and Shi [9] , but without any modification they cannot be used to solve fluid and solid mechanics in a stable manner.
The paper is organized as follows. In section 2 we review some specific properties of the DSSY element. Then using the decomposition of a bilinear map into a simple bilinear map followed by an affine map, we introduce a family of quadrilateral elements on an intermediate reference quadrilateral, which is of four DOFs. Based on this, we define a family of nonparametric quadrilateral elements. Section 3 is devoted to numerical experiments. The performance of the new nonparametric DSSY elements and the parametric DSSY element is compared in terms of computation time where the nonparametric DSSY elements show a clear advantage over the parametric one.
Quadrilateral nonconforming elements
In this section we will introduce a nonparametric DSSY element of four local degrees of freedom. First of all let us review the (parametric) DSSY element in brief.
The DSSY element
Let Ω be a simply connected polygonal domain in R 2 and (T h ) h>0 be a family of shape regular quadrilateral triangulations of Ω with max K∈T h diam(K) = h. Let us denote by E h the set of all edges in T h . For an element K ∈ T h we denote four vertices of K by v j for j = 1, 2, 3, 4. Also denote the edge passing through v j−1 and v j by e j and the midpoint of e j by m j for j = 1, 2, 3, 4, (assuming v 0 := v 4 ,) as in Figure 1 . The linear polynomials l 13 and l 24 are defined in a way that two line equations l 13 = 0, l 24 = 0 pass through m 1 , m 3 , and m 2 , m 4 , respectively. Consider a reference square K = [−1, 1] 2 . We use the similar notations for vertices, edges, midpoints of K as those of K such as v j , e j , and m j for j = 1, 2, 3, 4.
Let K ∈ T h be any quadrilateral. Then there exists a bilinear map
Notice that F K can be written as follows:
3)
In order to retain an optimal convergence order for any quadrilateral mesh, the parametric DSSY element needs an additional element x 1 x 2 , and therefore the modified reference element reads
with an additional degree of freedom
The DSSY element on K is then defined by
where F K is defined by (2.1). The global parametric DSSY element is defined by
A Class of Nonparametric DSSY Elements
We are interested in reducing the five degrees of freedom DSSY element to four, but still retaining the mean value property (2.3). It seems that there does not exist a four-DOF parametric quadrilateral element which has an optimal order convergence rate and the mean value property simultaneously. Here, we seek a candidate among nonparametric elements.
A closer look at the DSSY element
For the sake of simplicity of our argument regrading the geometrical property of a basis function, we shall focus on, ϕ 1 (
Let us denote ϕ 1 ( x 1 ) − ϕ 1 ( x 2 ) by ψ( x) for convenience. In the reference domain K, the function ψ( x) can be factorized as
from which one can realize that ψ( x) is the product of three polynomials whose zero-level sets consist of the two diagonals of K and one circle x = 0 in K. At this point, a natural question is whether for any quadrilateral K we may find a function satisfying the mean value properties by using the similar geometrical idea as ψ( x).
Among the parametric nonconforming elements in [7] ,
K is not a quartic polynomial in general if K is a genuine quadrilateral, that is, if F K is not an affine map. In most cases it is a non-polynomial function. Thus ψ(x) would not be similarly regarded as the product of zero level set functions of three geometrical objects, such as two lines and a circle. This seems to be one of the limits of using parametric elements. We will thus divert our attention from using the parametric elements and investigate a possible way of finding a suitable four degrees of freedom element.
Intermediate Spaces
To design such a suitable element, we first decompose the bilinear map F K given by (2.1) into a composition of a simple bilinear map followed by an affine map [11, 17, 18] . A bilinear map S : R 2 → R 2 is said to be a simple bilinear map if there exists a vector s such that S
Observe that F K can be written as follows:
where A is a 2 × 2 matrix and b, d, and s are two-dimensional vectors given by
Notice that (2.5) can be understood as the following decomposition of an affine map and a simple bilinear map associated with s:
Here, K = S K ( K) is a quadrilateral with four vertices
It should be stressed that the midpoints of K are invariant under the map S K and that K is a perturbation of K by a single vector s such that opposite vertices are moved in the same direction (see Figure 1 ). The relations of three mappings A K , S K , F K and three domains K, K, K can be interpreted as follows. For given quadrilateral K ∈ T h and the reference cube K, F K is a unique bilinear map such that F K ( v j ) = v j for j = 1, 2, 3, 4. It is easy to see that there exists a unique simple bilinear map S K and K such that K = S K ( K) and K = A K ( K). The intermediate reference domain K is very useful when we construct a certain type of basis functions that have specific features in K since K is connected to the physical domain K by an affine map not by a bilinear map. Adapted to this spirit, we will construct basis functions in K instead of K.
Remark 2.1. Notice that K is convex if and only if
where the equality holds if and only if K degenerates to a triangle [18] .
Our strategy is to use the intermediate reference domain K, where the ansatz is to set a quartic polynomial similarly to (2.4) as follows:
where ℓ j ( x), j = 1, 2, are linear polynomials and Q( x) a quadratic polynomial. We seek a quartic polynomial µ( x) fulfilling the mean value property (2.3) in K. Naturally, set ℓ 1 ( x) and ℓ 2 ( x) to be linear polynomials such that ℓ 1 ( x) = 0 and ℓ 2 ( x) = 0 are the equations of lines passing through v 1 , v 3 , and v 2 , v 4 , respectively. Then they are given (up to multiplicative constants) by
Recall the Gauss quadrature formula:
which is exact for quartic polynomials. An application of this formula simplifies the mean value property (2.3) into the form
where
together with m j , j = 1, · · · , 4, are the twelve Gauss points on the edges. Here, and in what follows, we adopt the notations for the standard unit vectors: u 1 = 1 0 and u 2 = 0 1 .
Notice that the equations of lines for edges e j , j = 1, · · · , 4, are given in vector notation as follows: 1] . Consider the quartic polynomial (2.7) restricted to an edge e j (t), t ∈ [−1, 1]. Since ℓ 1 ℓ 2 is the product of two linear polynomials which vanishes at the other two end points of each edge, one sees that
A combination of (2.9) and (2.10) yields that (2.3) holds if and only if the quadratic polynomial Q satisfies
A standard use of symbolic calculation gives the general solution of (2.11) in the following form
with r = Here, we assume that the coefficient of x 1 is normalized. Notice that r takes a positive real value if K is convex due to Remark 2.1.
Define, for each c ∈ R,
where ℓ 1 and ℓ 2 are defined by (2.8) and Q by (2.12) depending on c as well as s.
We are now in a position to define a class of nonparametric nonconforming elements on the intermediate quadrilaterals K with four degrees of freedom as follows.
3. Σ K = {four edge-midpoint values of K} = {four mean values over edges of K}.
By the above construction it is apparent that for any element p ∈ P K ( c)
Proof. In order to show unisolvency of the space Span{1, x 1 , x 2 , µ( x 1 , x 2 ; c)} with respect to the degrees of freedom f ( m j ), j = 1, · · · , 4, denote the functions 1, x 1 , x 2 , and µ( x 1 , x 2 ; c) by φ 1 , φ 2 , φ 3 , and φ 4 , respectively and also define A = (a jk ) ∈ M 4×4 (R) by a jk = φ j ( m k ). A symbolic calculation shows that det(A) s 2 s 1 and radius r. In this case, (2.12) can be easily derived by a geometric argument as follows.
Indeed, assume that Q( x) = 0 denotes the circle with center c = c 1 c 2 and radius r so that
Arrange these equations as follows:
where the points η 2j−1 and η 2j are given between g 2j−1 and m j , and g 2j and m j , respectively, explicitly defined as follows: with η = 2 5 ,
Geometrically, (2.13) is equivalent to saying that the location of c is such that the four inner products of the vectors c − η 2j−1 and c − η 2j , for j = 1, · · · , 4, are equal. It is straightforward from the equations (2.13) for j = 1 and j = 3 to see that c 1 = −η 2 s 2 , and similarly from those for j = 2 and j = 4 to see that c 2 = −η 2 s 1 . Then r = r follows immediately. Thus c and r are identical to the center and radius of the circle represented in (2.12) in the case of c = 0.
The global nonparametric quadrilateral nonconforming elements
Turn to the physical domain K. It is straightforward to define the finite elements from K to K by using the affine map A K which enables the transformed elements to retain the mean value property and unisolvency. A class of nonparametric nonconforming elements on quadrilaterals K with four degrees of freedom as follows.
3. Σ K = {four edge-midpoint values of K} = {four mean values over edges of K},
Notice that µ(x; c) can be interpreted as a product of two linear polynomials and one quadratic polynomial such that the straight lines ℓ 1 (x) = 0 and ℓ 2 (x) = 0 are passing through v 1 , v 3 and v 2 , v 4 , respectively and q(x; c) = 0 is an ellipse which is determined to satisfy the mean value properties for µ( x).
We now define the global nonparametric DSSY element spaces as follows
Remark 2.3. Since these new finite element spaces have the orthogonal property as in [7] , clearly the optimal convergence order is guaranteed for solving second-order elliptic problems. Indeed, (2.3) implies the pass of a patch test against constant functions on each interior edge (see (2.7a) and (2.7b) of [7] ), which in turn implies the following bound of the consistent error term in the second Strang lemma:
, and a(·, ·) and a h (·, ·) are bounded, coercive bilinear forms on H Remark 2.4. The new nonparametric DSSY elements will be used as a stable family of mixed finite elements for the velocity fields, combined with the piecewise constant element for pressure, in solving the Navier-Stokes equations [4, 10, 19] . The nonconforming nature enables us to solve elasticity problems without numerical locking, either [13, 24] . See the numerical experiments in Subsections 3.2 and 3.3.
Remark 2.5. In practice, the choice c = 0 is recommended since it minimizes the number of computations in applying quadrature rules.
Remark 2.6. One may construct basis functions in a sixth-degree polynomial space other than the quartic polynomial as in (2.2) following the same idea. However, using a higherdegree polynomial space requires a higher accuracy quadrature rule in the construction of the stiffness matrix. In this sense, the quartic polynomial space seems to be a reasonable choice in view of implementation issues.
Numerical results

The elliptic problem
In this section we perform numerical experiments for a simple elliptic problem:
on the domain Ω = (0, 1) 2 . The source function f is given so that the exact solution is u(x) = sin πx 1 sin πx 2 .
We consider two kinds of elements: the parametric DSSY element N C p h,0 , and the nonparametric DSSY elements N C np h,0 with c = 0 and c = 1. Also two types of quadrilateral meshes were employed: uniformly θ-dependent quadrilateral meshes as shown in Figure 2 are used and the randomly perturbed quadrilateral meshes depicted in Figure 3 . The uniformly θ-dependent quadrilaterals become rectangles if θ = 0, while they degenerate into triangles if θ = 1.
The tables containing numerical results are organized as follows: the parametric nonconforming elements in Tables 1 and 4 , the nonparametric nonconforming elements with c = 0 in Tables 2 and 5 , and those with c = 1 in Tables 3 and 6 ; the uniformly θ-dependent trapezoidal meshes in Tables 1 -3 and the nonuniform quadrilateral meshes in Tables 4 -6 .
We tested several different θ's, but the convergence behaviors were quite similar and thus we report only the case of θ = 0.7. Numerical experiments were performed with increasing values of c such as 10, 100, 1000, and so on. The larger c values are chosen, the slower convergence is observed. We only present numerics for the two nonparametric elements with c = 0 and 1. At this point we recommend readers to use c = 0 for its simplicity.
As observed in the uniform mesh the convergence order is optimal for both elements and the values of numerical solutions are almost identical. In order to compare cost efficiency in a fair fashion, we computed nonparametric basis functions for each quadrilateral and applied the static condensation to circumvent bubble functions for parametric element also for each quadrilateral. From Table 7 we observe that when the mesh size h is larger than 1/100, the nonparametric element is cheaper to use; however, the computing time ratios approach to 1 (still the use of nonparametric element seems to be cheaper), as the mesh size tends to decrease. These phenomena are perhaps due to the fact that the additional cost in static condensation for the parametric elements takes a less portion in the total computing time as the mesh size decreases. 
The incompressible Stokes equations
In this subsection, we apply N C np h,0 to approximate each component of the velocity fields in solving the incompressible Stokes equations in two dimensions, while the piecewise constant element is employed to approximate the pressure.
Set Ω = (0, 1) 2 and consider the following Stokes equations:
in Ω,
where the force term f is generated by the following exact solution
, p(x 1 , x 2 ) = − sin 2πx 1 sin 2πx 2 . Table 8 shows the numerical results on uniform trapezoidal meshes with θ = 0.7 and c = 0. Similarly, Table 9 presents the results on the perturbed nonuniform meshes with c = 0. From these numerical results, we observe the optimal convergence rates of O(h 2 ) and O(h) for the velocity and pressure in L 2 norm, respectively. The numerical solutions in the case with c = 0 behave similarly, whose tables are omitted to report. 
The planar linear elasticity problem
In this subsection, the nonparametric element N C np h,0 is applied to approximate each component of the displacement fields for the planar linear elasticity problem with the clamped boundary condition.
Set Ω = (0, 1)
, consider the following elasticity equations with homogeneous boundary condition:
where the external force term f is generated by the following exact solution In order to check numerical locking phenomena, the Lamé parameters are chosen such that (µ, λ) = (1, 1) and (1, 10 5 ). The numerical results are presented in Tables 10 and 11 for both cases on uniform trapezoidal meshes with θ = 0.7 and c = 0. Similar results are given in Tables 12 and 13 for both cases on the randomly perturbed meshes with c = 0. One can easily observe from the numerical results that the nonparametric element N C np h,0 can be used to solve planar elasticity problems with the clamped boundary condition optimally without numerical locking. 
